We demonstrate a cluster expansion technique that is capable of accurately predicting formation energies in binary substitutional systems "ven for those with large atomic relaxations. Conventional cluster expansions converge rapidly only in the absence of atomic relaxations, and they fail for 1ong-period lattice-mismatched superlattices. When combined with first-principles total-energy methods, our method allows for very fast calculations for structures containing hundreds or thousands of atoms. The convergence and effectiveness of the cluster expansion are enhanced in two ways. First, the expansion is recast into reciprocal space, which allows for the inclusion of all important pair interactions. Second, a reciprocal-space formulation for elastic strain energy is introduced, allowing accurate predictions for both long-and short-period superlattices. We illustrate the power of the method by performing a cluster expansion that requires total-energy calculations for only 12 simple input structures, with at most eight atoms per unit cell. We then correctly predict the formation energies of relaxed long-period superlattices, low-symmetry intermixed superlattices, structures with varied compositions, substitutional impurities, and a~1000 atom/cell simulation of the random alloy.
, which shows direct and CE energies for b, EvD(x, V) + PEUR(o, V) + bEc (a, V) for superlattices as a function of p. The figure also shows that the CE captures this energy almost exactly. The long-period limit of this quantity is b,EvD for all superlattice directions. The dominant form of relaxation for medium-and longperiod superlattices is ATE& "z but, as shown in Fig. 2(b 
we arrive at
We have replaced the sum over an infinite set of pair interactions with a sum over a few k points. While threebody and higher figures could also be described by a reciprocal-space expansion, the formulas are too complicated for practical use. Instead three-body and four-body figures will be added as explicit real-space figures:
where the primed sum runs over the set of nonpair figures included in the expansion.
The functions J(k) and S(k, o) obey some simple sum rules: 
The smoothness condition is therefore equivalent to requiring that the pair interactions fall off rapidly for large distances. Our use of this smoothness condition will be tested when we examine the quality of predictions made using the function J(k).
Our new fitting procedure will be to minimize If we fit with a large number of figures and t = 0, the fitting procedure has no way of knowing which interactions are short-ranged and which are long-ranged. As a result, the long-ranged interactions will be as strong as the short-ranged interactions, which is unphysical. The chief advantage of the reciprocal-space method is that it lets the fitting procedure choose which pairs are important. Because of the smoothness criterion, any pair figure that is not strictly necessary for a good fit will have an interaction energy of zero. Also, the smoothness criterion naturally favors short-ranged over long-ranged interactions, which is physically sensible. We perform the CE in three diferent ways, shown in panels (a) -(c) of Fig. 3 . In all cases, we use the following real-space interactions in the first term of Eq. (17): Jo, the empty figure (i.e. , a constant term that is independent of cr); Ji, a single-site term; Js, the nearestneighbor three-body interaction; and J4, the nearestneighbor tetrahedron interaction. Our first calculation [ Fig. 3(a) ] is a simple real-space CE using the first 1 through 7 pair figures, where the number of pair figures is adjusted to assure that N & NF. In our second calculation [ Fig. 3(b) ], we repeat the same real-space expansion, but expand E -F"g, in place of E. We use the volumedeformation energy Az(l -z) for Epef~T he value of A is treated as a fitting parameter, and we find 0 = 147.1 meV/atom, using input set sq. Finally [ Fig. 3(c) ], we repeat the latter CE, but this time using the reciprocalspace formalism, i.e. , we set t = 1 instead of t = 0 in Eq. (26), which allows us to include the first 20 pair interactions. The fitted value of A is 129.5 meV/atom, using 8g.
In Figs. 3(a) -3(c) , we present the root-mean-square (rms) prediction error of the CE's for each of the three sets of new structures. Note that the interaction energies were fitted without any knowledge of the energies of these new structures. The predictions for the formation energy of the random alloy, using input set 82, are 19.90, predict well the energy of the random alloy. As discussed above, all three CE's [3(a) -3(c)] fail to predict the energies of the longer-period superlattices. We will return to this issue in the next section.
For the intermixed structures, we see that using set sq of 12 input structures is adequate for making accurate predictions for all three methods. We also see that using E"t = Ax(1 -x) works better than using E"f = 0, and that the reciprocal-space expansion works better than the real-space expansion. Another indication of the superiority of the reciprocal-space expansion is the maximum error made in the CE predictions -which is a measure of how well CE predictions can be trusted. (A CE that predicts the energy 95%%up of structures exactly, but has a large prediction error for the remaining 5 jc, will have a small rms prediction error, but is not worth much because we can never be sure whether the prediction for a new structure belongs to the 95Fo or the 5%. ) Table III 
I.AKS, FERREIRA, FROYEN, AND ZUNGER
shows both the rms and the maximum prediction error of the three fitting procedures using the input set s2.
The reciprocal-space fit [ Fig. 3(c) We will show how it is possible to get the correct longperiod superlattice limit using a cluster expansion. The basic idea is to write the reciprocal-space interaction energies as
where the first term on the right-hand side is singular at k = 0 and contains the correct long-period superlattice limit, i.e. , the constituent-strain energy. The continuous part JsR describes the short-ranged (SR) interactions that are ignored by Jcs. We will subtract the constituent-strain energy from Ed;,«t, and determine Js~by fitting the remainder: (27) where dG is the distance between two adjacent layers in the superlattice direction, and n is any odd integer. Fig. 7 were used to fit Eq. (42). To use h. E&s for our reciprocal-space strain expansion, we identify [see Eqs. (38) and (39)) &Ec's(» x) 4x(1 -x) qA(k)qB(k) +EA(aB)+EB(aA) 4 (1 x)qA(k)+EA(aB) + -xqB(k)+EB(aA) (46) 
